Introduction
Microactuators fabricated through conventional micromachining processes exhibit limited selection of materials, limited functionality, poor reliability, can be made by only a few processes, and are principally two-dimensional structures. For devices such as micromotors, microengines, and microturbines to generate meaningful power, the structures comprising these devices should be truly three-dimensional. In addition, long-term reliability and assembly/packaging are critical.
In micromachines, a much higher surface-area-to-volume ratio makes friction more significant compared to other forces. Gas microbearings are promising load support devices for microrotating machines, since these give negligible friction and potentially high reliability. Intended uses of the gas microbearings include: micromotors, microdrills, high-efficiency microturbines, and other rotating micromachinery. However, technical challenges involving manufacture and design include: flexible design capability of shapes; fabrication processes to produce a nanometer mirror finish on inner bearing surfaces; near-perfect straightness of bearings and rotors along the axial direction, to avoid misalignments and irregular bearing clearances; ability to use various materials; easy assembly/packaging; and long term reliability to survive frequent start/stop cycles. The first issue can be achieved by conventional lithography techniques. Here bearing profiles can be patterned on a UV mask and transferred to the final bearing. Frechette et al. ͓1͔ applied deep reactive ion etch ͑DRIE͒ to several 300ϳ500 m thick silicon wafers, and fusion bonded these into bearings and rotors for microrotating devices. Major problems included large nonuniform bearing clearances ͑ϳ10 m͒ ͓1,2͔ regardless of bearing diameters, and the brittle material characteristics of silicon. In addition, touchdown of the rotating surface onto the bearing surface, caused by disturbances and start/stops, lead to catastrophic failure, as depicted in Ref. ͓3͔ .
Deep X-ray lithography promises to overcome many challenging issues of gas microbearings. Deep X-ray with extremely small wavelength ͑0.2ϳ0.4 nm͒ can make near-perfect vertical sidewalls ͑ϳ0.5 m/1000 m͒ ͓4͔ with negligible diffraction at the mask edges. Flexible material selection ranges from plastics and metals, to ceramics through complete LIGA ͑German acronym for X-ray lithography, electro deposition, and molding͒ processes ͓5͔. Surface roughness can be controlled through fabrication process control and quality of the X-ray mask ͓6͔.
Ni gas microbearing with 500 m inner diameter and 300 m axial length were fabricated through X-ray lithography. The journal bearings have six evenly distributed steps of 2 m depth with angular width of 30 deg along the circumferential direction. Thrust bearings with four thrust pads having 3 m steps, with angular width of 30 deg, were integrated with the journal bearing, as shown in Fig. 1 . Four radial grooves with angular width 20 deg and 100 m depth were formed in the thrust bearing to present atmospheric pressure to the beginnings and ends of the bearing pads. The inner and outer diameters of the thrust pads are 0.6 mm and 1.5 mm, respectively. The Ra and RMS surface roughness of the journal bearing, measured with Atomic Force Microscopy ͑AFM͒, was 12.4 nm and 18.2 nm, respectively, which renders hydrodynamic operations under very high eccentricities. Scan dimensions were 10 mϫ10 m. Details of the fabrication processes are described in Ref. ͓7͔. This article supports the design of gas microbearings. A Reynolds equation pertinent to gas microbearings will be presented and numerically solved. Solutions of the Reynolds equation will be interpreted to aid a proposed gas microbearing design.
Theory
Reynolds equation for the gas journal bearing in Fig. 2 with a no-slip boundary condition for gas at the bearing surfaces ͓8͔ becomes
Here p is the gas pressure, h is the local gas-film thickness, is the gas viscosity, U is surface speed, x and y form local Cartesian coordinates, and t is time.
Journal Bearing. To analyze the journal bearing, Eq. ͑1͒ can be nondimensionalized to include the Poiseuille flow factor Q P ϭQ P (Kn,␣) derived from the linearized Boltzmann equation ͓9͔ ͑MGL model͒, where the Knudsen number Knϭ/h, is the molecular mean free path of gas molecules, and ␣ is the surface accommodation coefficient at the bearing surfaces. This gives
Here ϭx/R, Zϭz/R, Pϭp/p a , Hϭh/C, ϭt, p a is atmospheric pressure, C is the bearing clearance, R is the bearing radius, ⌳ϭ(6/p a )(R/C) 2 is the bearing number, ϭ2⌳ is the squeeze number, and is the angular speed of the journal. Once the pressure field, P(,Z), is obtained, the load capacities F X and F Y , and the dimensionless load parameters, X and Y , along the X and Y directions become
The friction torque T F due to air drag at the journal shaft can be calculated by integration of the shear stress xy at the journal shaft, given as 
Thrust Bearing. To analyze the thrust bearing, the Reynolds equation ͑1͒ transformed to cylindrical coordinates ͑shown in 
where U ϭr. Nondimensionalized Eq. ͑7͒ at steady state, incorporating gas rarefaction effects, becomes
Here ϭr/R. Integration of the pressure distribution over the thrust bearing surface area gives the load parameter T as
where R i and R o are the inner and outer radii of the thrust bearings. The nondimensional rotational friction factor for the thrust bearings becomes
where T FT is the friction torque at the thrust bearing surfaces. 
Numerical Method
The dynamic gas-film equation for the journal bearing ͓Eq. ͑2͔͒ and static gas-film equation for the thrust bearing ͓Eq. ͑8͔͒ can be rewritten as
Subscripts J and T denote journal and thrust bearing, respectively, and i គ k (kϭ,Z,) are unit vectors along the , Z, and directions. ٌ J and ٌ T are gradient operators. Integrating Eq. ͑11͒ over control surface S P ͑shaded in Fig. 3͒ gives
Applying the divergence theorem to the left-hand sides of Eqs. ͑12͒ gives
where n គ is a unit normal vector along line l P , surrounding control surface S P . Equations ͑13͒ can be represented as
The time derivative in Eq. ͑14a͒ can be formulated as
where P P nϪ1 denotes the pressure at time grid nϪ1. Subscripts P and AV denote the center point in Fig. 3 , and average value, respectively. The derivative terms in Eqs. ͑14͒ were discretized following the hybrid power scheme suggested in Refs. ͓12,13͔.
Discretization of Noncontinuous Gas Film Thickness.
The mass flux along the Z direction through a noncontinuous boundary ͑step is formed along N-S in Fig. 3 and each step location has a grid point in the foregoing numerical analyses͒ was calculated as
and similarly, for the thrust bearings
Here the Poiseuille flow factor, Q P , was evaluated at corners n, w, and n, e. Adopting the scheme to the formulation of Eqs. 14 renders mass-flow continuity at point P. The same scheme was applied to the s boundary.
Static Analysis
The bearing design parameters and gas properties ͑assumed as isothermal air at 20°C͒ for static analysis are diameter D ϭ500 m, length Lϭ300 m, bearing clearance Cϭ1.0 m, viscosity ϭ19.6ϫ10 Ϫ6 Ns/m 2 , and molecular mean free path o ϭ64 nm. The step configuration on the journal bearings was such that S / P ϭ0.5. Here S ͑ϭ30 deg͒ is the angle that one step occupies and P ͑ϭ60 deg͒ is 2 divided by the number of steps ͑see Fig. 2͒ . In the analysis of the stepped gas journal microbearings, the angular location of the first step ( R in Fig. 2͒ was varied with respect to the journal eccentricity ( R ϭ25,15,5,Ϫ5,Ϫ15,Ϫ25 deg͒. The accuracy of the numerical method for high eccentricities with stepped bearing geometry was checked for different numbers of grid points along the circumferential ͑n͒ and axial ͑m͒ directions for ⌳ϭ1 and R ϭϪ15 deg. Table 1 shows the variation of load parameters, , Eq. ͑3͒, and attitude angles, ϭtan Ϫ1 (Ϫ Y / X ), for different grid schemes for ϭ0.8 and 0.9, since numerical stability is more sensitive at higher . Using the densest grid, 336ϫ36, as a reference, variations of and for the other grid schemes were within 2.3% for ϭ0.8 and within 5.8% for ϭ0.9. The grid scheme, 180ϫ36, was used in the foregoing analyses.
Specific film thickness h s ϭh/ͱ s 2 ϩ b 2 , where s and b are RMS surface roughnesses of the shaft and bearing, respectively, and h is the local film thickness, which should be larger than 4 for full hydrodynamic lubrication ͓14͔. Assuming the bearings and shafts are fabricated through the same processes ͑surface roughness with s ϭ b ϭ18.2 nm), minimum film thickness for hydrodynamic lubrication is 103 nm, which is equivalent to eccentricity ϳ0.9 with 1 m bearing clearance. Therefore, the maximum eccentricity was limited to 0.9 in the analyses. Figure 4 plots load parameter and attitude angle versus bearing number ⌳ to compare the behaviors of stepped gas microbearings with R ϭ5 deg with plain gas microbearings. In the plain journal bearing, monotonically increases for ⌳Ͻ10, but tends to flatten for ⌳Ͼ10 due to excessive side leakage caused by very high pressures generated on the bearing surfaces. These saturation effects were not observed for stepped journal bearings because the maximum pressures were lower compared to plain journal bearings. Attitude angle starts at 80ϳ90 deg for small ⌳ and tends to decrease with increasing ⌳ for plain bearings and stepped bearings. For a given eccentricity, the stepped bearings have smaller .
A unique characteristic of stepped gas microbearings is the variation of attitude angle and load parameters with relative position ( R ) of the journal center and steps, when eccentricity is high. Figure 5 plots and versus ⌳ for eccentricity ϭ0.8, with R a curve parameter. For higher eccentricity, the load parameters and attitude angles vary with R , but for Ͻ0.6, and were almost independent of R . In certain ranges of R , the attitude angles were bigger than 90 deg, due to high negative pressure built at the diverging gas film due to the adjacent trailing step. Figure 6 , with local maxima in T versus step height, shows the existence of an optimal step height as a function of thrust bearing clearances C T for a given bearing number ⌳; this optimal step height ͑which produces the maximum load capacity͒ is a weak function of the bearing number. The optimum ratio of bearing clearance to step height falls between 1.2ϳ1.4, which is similar to the optimal ratio ͑1.15͒ for a rectangular stepped bearing with fixed pad ͓8͔.
Step height of the thrust bearing was chosen as 3 m to get as much load capacity as possible over a wide range of bearing clearances.
Rotational friction factors, calculated as shown in Fig. 7 using a first-order slip model, were almost constant over a wide range of bearing numbers, for given journal positions or operational points for thrust bearings. The simulations suggest that a stepped gas journal bearing should have much lower rotational friction than plain gas journal bearings.
Dynamic Analysis
We consider the stability of gas microbearings. The equations of motion for the journal with eccentricity e គ for the fixed X-Y coordinate shown in Fig. 2 , are where m is the rotor mass, F e is the total external load ͓F e ϭ(F eX 2 ϩF eY 2 ) 0.5 ͔ including rotor weight, and X and Y are nondimensional components of the eccentricity vector e គ . The integral terms represent the components of the bearing reaction force, calculated by solving Eq. ͑2͒ at dimensionless time . At steady state, the bearing reaction force and external load F e cancel each other and the journal is at static equilibrium.
One stability approach linearizes dynamic equation ͑18͒ by small perturbations about a steady-state position ͓15-17͔. Once the Jacobian matrix of the linearized equation has been obtained, stability is assured if all eigenvalues of the characteristic equation of the Jacobian matrix are negative.
The orbit method ͓18͔, called a numerical test rig, traces the path of the journal center over time by solving the journal dynamics ͓Eqs. ͑18͔͒ and the unsteady Reynolds Eq. ͑2͒ simultaneously. It can accommodate arbitrary external loading patterns, forced vibration, step-jump displacement, various bearing shapes, etc. First, the bearing reaction force at certain គ 0 , where dynamic stability is to be checked, is calculated. The external load F e with the same magnitude but opposite direction as the calculated bearing reaction force, is applied to establish the static equilibrium of the journal. Then, the journal is slightly disturbed from the equilibrium state. A step displacement equal to 0.05% of X0 was applied as the disturbance. If the orbit converges to the initial equilibrium point again, the journal is stable. If the orbit diverges, the equilibrium point is unstable. A fifth-order Adams-Bashforth scheme integrated the Eqs. ͑18͒.
A nondimensional threshold speed ͓16,17͔
was used to predict the onset of whirl instability. Here F ϭͱF X 2 ϩF Y 2 is the load capacity, Eq. ͑3͒, at the interested equilibrium point គ 0 . To test the orbit program, the journal's initial position was set to origin, under external force corresponding to ⌳ϭ0.6 and 0 ϭ(0.6,0), and convergence of journal orbit to the equilibrium point 0 ϭ(0.6,0) was checked ͑orbit A in Fig. 8͒ .
All the stability analyses of the stepped bearings were performed for R ϭ0 deg, and external load F e was oriented such that the initial static equilibrium point of the journal គ 0 , was on the X axis. The orbits C and D in Fig. 8 show exemplary stable and unstable orbits, respectively. Figure 9 plots * versus ⌳, with eccentricity, , as a curve parameter. Figure 9 was constructed by varying the nondimensional group on the right-hand side of Eq. ͑19͒ to estimate the threshold speed *, at which the orbits diverge. The accuracy of * values is Ϯ0.05. The general tendencies of Fig. 9 are similar to results reported in Refs. ͓16͔, ͓17͔, where a peak threshold speed * exists around ⌳ϭ0.8ϳ2, which indicates a maximum damping. Stepped gas bearings show a more distinguished peak of * around ⌳ϭ2, at eccentricity ϭ0.8.
Discussion
Stepped bearings can exhibit peculiar journal orbits for high eccentricity and low bearing number ⌳. Orbit B in Fig. 8͑a͒ shows a journal orbit ͑⌳ϭ0.6, *ϭ0.9͒ stabilizing at ( X , Y ) ϭ(0.694,0.547) after the journal was disturbed from its initial position, ( X0 , Y 0 )ϭ(0.8,0). To check the credibility of the phenomena, another orbit simulation was performed where the journal was positioned with the bearing center at ϭ0 and external load opposite to the load capacity corresponding to position ͑0.8,0͒ or ͑0.694,0.547͒ was applied and the corresponding orbits were obtained as in Fig. 10 . For the given external load, the rotor stabilized at position ͑0.694,0.547͒ instead of ͑0.8,0͒. These peculiar phenomena can be explained by the fact that there can be more than one position (,, R ) of the journal center that produces the identical bearing reaction force. From the static analysis, the bearing had the identical bearing reaction force for journal center at ( X , Y )ϭ(0.694,0.547) and ͑0.8,0͒. Interestingly, the position ͑0.694,0.547͒ with ϭ101.2 deg ͑see Fig. 10͒ is preferred over position ͑0.8,0͒ with ϭ63.8 deg. The external load vector is tangent to the initial journal orbit, as it should be. The location ͑0.694,0.547͒ has R of 21.76 deg from step geometry. The stabilizing motions are considered phenomena that minimize the average pressure inside the bearing. The average pressure at ͑0.694,0.547͒ was lower than at ͑0.8,0͒. These stabilizing motions were negligible for ⌳Ͼ2 with ϭ0.8 ͑Orbit C and D in Fig. 8͒ , or Ͻ0.8 for all ⌳, due to the smaller variation of load capacities, as discussed earlier. For stepped bearings with ϭ0.8 and ⌳Ͻ1, the data points in Fig. 9 should be understood as quasi-stable positions that transit to more stable positions. These stabilizing motions are expected to happen even in macroscale stepped gas bear- ings with the same step geometry as the fabricated gas microbearings, because the numerical analyses were performed using the nondimensionalized Reynolds Equation 
The final equality in Eq. ͑20͒ arose from the definitions of ⌳ and . Assuming steel, the rotor mass m for Lϭ300 m and D ϭ500 m is 0.46 mg, which corresponds to m*ϭ5.75ϫ10
Ϫ3
from Eq. ͑20͒. Of interest is m* for a given operating speed ͑⌳͒ and operating position ͑͒ of the rotor. Stability charts with m* versus ⌳ are plotted in Fig. 11 . The dashed horizontal line marks the minimum mass that the rotor can have, if composed of steel with the required geometry. The region under the dashed line pertains to a rotor with mass too small to be steel. Figure 11 suggests that fabricated stepped bearings have significantly lower m* than plain bearings. From Fig. 9 , * ranges 0.6ϳ4 for plain gas journal bearings, and 0.3ϳ2 for stepped gas journal bearings. Assuming * is of the same order of magnitude for plain and stepped gas journal bearings for a given ⌳, Eq. ͑19͒ asserts the corresponding threshold rotor mass m is proportional to the load-carrying capacities. Stepped gas journal microbearings have significantly lower load-carrying capacities; see Fig. 4 . Initially, a 2 m step was selected to reduce the load capacity and allow the bearing to run with high eccentricity. However, due to small load capacities, the fabricated stepped gas journal bearings showed significantly lower threshold rotor mass than plain gas journal microbearings.
Microturbines and microengines have operating speeds over 1,000,000 rpm; ⌳ϭ10 corresponds to about 1,300,000 rpm. Even if the inertia effects are very small, Fig. 11 implies that gas microbearing systems are highly unstable at high ⌳, and require very high eccentricities for stability. Note that Fig. 11 suggests that m* increases monotonically with . The equivalent rotor mass is the sum of the actual rotor mass plus an additional mass that renders an inertial load equivalent to the static load capacity. The calculated equivalent rotor mass, assuming the external load is applied only by rotor weight, is much bigger than the threshold rotor mass ͑m or m*) even for plain gas journal bearings. This implies that an additional external load is needed for the rotor with such a small threshold mass, to obtain the necessary eccentricities and, thus, stability.
To improve the design, effects of various step configurations on the static and dynamic characteristics were investigated. The first approach was to place a deep axial groove at the beginning of every step, as shown by the dashed line in Fig. 2 . Axial grooves with ambient pressure minimize high negative pressure and decrease attitude angles. Figure 12 shows and versus step height, for ⌳ϭ1 and 10 and R ϭ0 deg. The mesh for the simulation had two grid points per axial groove ͑of width 17.5 m͒. While the load capacity is similar to stepped bearings without axial grooves, attitude angles are much lower and minimize at around 0.75ϳ1.25 m, implying an optimal step height in terms of attitude angles and cross stiffness.
The second approach varied the number of steps, step height, and S / P without adopting axial grooves ( S is the angle one step occupies and P is 2 divided by the number of steps, see Fig. 2͒ . Figure 13 shows and versus S / P for various step configurations, with R ϭ0 deg, ϭ0.6, and ⌳ϭ1. The load parameter increases as S / P decreases and step height decreases. The bearings with four steps had larger than the bearings with six steps ͑of the same step height͒, due to larger bearing land area which built more hydrodynamic pressure. While the stepped bearings with 2 m steps exhibited a sharp decrease of load capacities with S / P increases, the stepped bearings with 1 m steps had load parameters less sensitive to S / P , due to the relatively small step height. Attitude angles varied little, compared to load parameters, with step configuration changes.
Orbit simulations were performed for the bearings with conditions described in Figs. 12 and 13. Table 2 summarizes the effect of axial grooves on * and m* for S / P ϭ0.5. The values in parentheses represent the ratio of m* for the investigated bearings to those of the fabricated stepped bearing ( S / P ϭ0.5, 2 m steps, no axial grooves͒. Table 2 shows substantially improved stability for low ⌳, by adopting axial grooves. Table 2 also presents the results of orbit simulations for a 1 m step height ͑con-sidered optimal͒ with axial grooves. Over the entire region of operating conditions, threshold mass, m*, increased, especially at lower ⌳. Despite improved stability with axial grooves, overall performance was inferior to plain gas bearings. However, a very high threshold mass, larger than plain bearings, (m*ϭ2.791 for ϭ0.8͒ was observed at ⌳ϭ1 and ϭ0.8, implying very high damping. There were no noticeable stabilizing journal motions at high eccentricities, the opposite of the case without axial grooves ͑Fig. 8, Orbit B͒. Table 3 presents the effects of varying S / P , number of steps, and step height on * and m*, for bearings without axial grooves. As shown in Fig. 13 , attitude angles for six-stepped bearings with different step configurations are almost identical; * is almost the same ͑0.9ϳ1.05͒, and the threshold mass m* is directly proportional to the load capacity ͑see the first two columns of Table 3͒ . However, noticeably improved stability was observed by reducing the number of steps to four. The bold-faced * and m* in Tables  2 and 3 pertains to bearings with higher threshold mass than plain bearings (m*ϭ0.257 for ϭ0.6͒.
Whirl instability is often understood as self-sustained vibrations due to low damping and high cross-stiffness, by high attitude angles at low eccentricities. From orbit simulations, threshold mass depended on the load capacities, attitude angles, and step geometry. Load capacities of the fabricated six-stepped bearings were found to be significantly lower than for plain bearings, due to the small bearing land area. By adopting axial grooves, attitude angles were reduced, rendering low cross-stiffness and improved stability. Four-stepped bearings had much higher load capacities than six-stepped bearings, and were more stable. However, fourstepped bearings with 1 m steps lead to lower threshold mass than the bearings with 2 m steps. The step geometry generated extra damping to prevent whirling motion, even if the attitude angle becomes larger than 90 deg for certain conditions of sixstepped bearings without axial grooves.
For a rotor at a given speed ͑⌳͒, with eccentricity corresponding to its own weight, the threshold mass at the operating condition should be larger than the rotor mass to avoid external preloading for maintaining the eccentricity. Adopting axial grooves or reducing the number of steps to four with S / P ϭ0.333 increased threshold mass significantly, permitting the operation of gas microbearings without preloading ͑which is not feasible in rotating microdevices͒.
Summary and Conclusions
Hydrodynamic performance of gas microbearings with high eccentricities and very small clearances was simulated using molecular gas lubrication theory applied to the Reynolds equation. Static analysis of stepped gas journal bearings showed that load capacity and attitude angle are dependent on the relative position of journal center and step locations, and had lower load capacities compared to plain gas journal bearings. The step height of the thrust bearings was optimized for the best performance over a wide range of working conditions. Stability analysis showed that plain gas journal bearings are more stable than fabricated sixstepped gas journal bearings without axial grooves. Implementing axial grooves at the beginning of every step, or reducing the number of steps, improved stability significantly above plain gas microbearings under certain operating conditions. Further design optimizations are required to achieve stepped gas bearings, more stable than plain gas bearings for all the operating conditions. Nomenclature h ϭ local gas film thickness h s ϭ Specific film thickness s ϭ RMS surface roughness of shaft b ϭ re RMS surface roughness bearing C ϭ nominal clearance of journal bearing C T ϭ nominal clearance of thrust bearing H ϭ nondimensional local gas film thickness (ϭh/C) L ϭ bearing length D ϭ bearing diameter (ϭ2R) R i ϭ inner radius of thrust pad R o ϭ outer radius of thrust pad ϭ molecular mean free path of air o ϭ molecular mean free path of air in atmospheric pressure Kn: ϭ Knudsen number (ϭ/h) Kna ϭ characteristic Knudsen number (ϭ o /C) Q P ϭ Poiseuille flow rate in rarefied gas regions Q con ϭ Poiseuille flow rate in continuum flow regions Q P ϭ Poiseuille flow factor (ϭQ P /Q con ) p a ϭ atmospheric pressure ϭ viscosity of air ϭ angular speed of journal ⌳ ϭ bearing Number (ϭ6/p a (R/C)
2 ) e ϭ journal eccentricity p ϭ pressure X, Y, Z, x, y, z ϭ defined in Fig. 2 ϭ nondimensional eccentricity (ϭe/C) P ϭ nondimensional pressure (ϭp/p a ) ϭ angular coordinate (ϭx/R) Z ϭ nondimensional axial coordinate (ϭz/R) r ϭ radial coordinate in thrust bearing ϭ nondimensional radial coordinate in thrust bearing (ϭr/R) F ϭ load capacity (ϭͱF X 2 ϩF Y 2 ) ϭ load parameter (ϭͱ X 2 ϩ Y 2 ) ϭ attitude angle F T ϭ load carrying capacity of thrust bearing T ϭ load parameter of thrust bearing u ϭ local velocity distribution in x direction p ϭ shear stresses by Poiseuille flow in rarefied region c ϭ shear stresses by Couette flow in rarefied region p,con ϭ shear stresses by continuum Poiseuille flow c,con ϭ shear stresses by continuum Couette flow W p ϭ shear stress factor for Poiseuille flow (ϭ p / p,con ) W c ϭ shear stress factor for Couette flow (ϭ c / c,con ) xy ϭ shear stress at wall of journal shaft T F ϭ friction torque of journal bearing ␤ J ϭ nondimensional rotational friction factor of journal bearing T FT ϭ friction torque of thrust bearing ␤ T ϭ nondimensional rotational friction factor of thrust bearing * ϭ nondimensional threshold speed m* ϭ nondimensional threshold mass
